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Number of almost-convex polygons on the square lattice 
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Physics Depanment. National Ding Hua University, Hsinchu, Piwan 300, Republic OI 
China 
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AbstmcL n e  generating function for the number Nc,n of almostconvex polygons on 
the square lattice with concavity index c = 1 and primeter n is derived rigorously. 
m e  asymplolic behaviour of NC," for large n is determined and our result mnllrms a 
recent mnjectwr Enting n al. 

1. Introduction 

Self-avoiding polygons on regular lattices have been considered as a model of crystal 
growth pmper ley  1952) or polymer pmper ley  1956, de Gennes 1979). The problem 
is to determine the generating function for the number of polygons on a lattice with 
given perimeter andlor area. The problem is very difficult and an exact solution is 
still unknown. However several restricted classes of polygons can be enumerated and 

m.es recent. 
developments were reviewed by Guttmann (1991) and Lin (1991b). 

Very recently, Enting el al (1991) introduced a c las  of polygons referred to as 
almost-convex. They defined a concavity index c for polygons on the square lattice 
by associating with each ns tep  polygon a minimal bounding rectangle of perimeter 
m such that c = ( n  - m ) / 2 .  The unrestricted polygons consist of almost-convex 
polygons whose concavity indices vary from zero to infinity. An almost-convex polygon 
with index c = n can be obtained from a polygon with index c = n - 1 by removing 
a m x 1 or 1 x m rectangle. The number of polygons with concavity c and perimeter 
n is denoted by N C + .  They proved that for c = O ( n 9  

1 !zrge gmg""! of exact resfi!ts Were &lined during !as! few yeerr. 

n.ey 2!%? o!c-!zted .v c , n  ' I n  'n .- M - Q'-nQ ".vy" fnr .-. r ~ - - I , .  . . , 1 -"  n ".." 2nd rnnbrtnrerl thnt ..,". 
NC," zz N,[1 -4(2/nn) '12 + O ( l / n ) ] .  (2) 

Convex polygons correspond to c = 0. The perimeter generating function for 
convex polygons was first derived by Delest and Viennot (1984) and then rederived 
later by different methods (Kim 1988, Guttmann and Enting 1988, Lm and G a n g  
iWj .  Tie area ana perimeter generating function for convex poiygons was derived 
independently by Lin (1991a) and Bousequet-Melou (1991). We consider polygons 
with c = 1 in the present paper and derive the generating function for the number of 
polygons rigorously. The conjecture (2) is verified for c = 1. Note that equation (2) 
also holds for c = 0 (Lin and Chang 1988, Enting a al 1991). 
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2. Polygons with concavity one 

Consider a polygon on the square lattice with concavity one. Such a polygon can be 
obtained from a convex polygon by removing a m x 1 (1 x m) rectangle from the 
right or left (top or bottom) side as shown in figure 1. The generating function for 
the number N ,  of such polygons with perimeter n is defined by 

m 

G ( r )  = G, t G, t G, t G, = N,+" 
n=12 

(3) 

where G, (Cl, G,, C,) generates polygons which correspond to removing a rectangle 
from the right (left, top, bottom) side of mnvex polygons. It follows from symmetry 
that G, = GI = G, = G,. 

Flgum 1. A polygon with mncavity one on be obtained I" a mnvex plygon on the 
square lattice hy removing a 1 x n rectangle from the mop side. 

We shall consider the more general case of rectangular lattice in the present paper. 
We define a concavity c for polygons on the rectangular lattice by associating with 
each 2n-step polygon an r x s minimal bounding rectangle such that c = n - r - s. 
The generating function for polygom with c = 1 is defined by 

m m  

G(z,Y)= G,(z,Y)+ Gi(z,Y)+ Gt(z,Y) t Gb(z,Y)= zzN, , ,Y2rz2d  (4) 
r=2 s=2 

where Nv,s is the number of polygons associated with an r x s minimal bounding 
rectangle. It follows from symmetry that 

G , ( ~ , Y )  = G ( ~ , Y )  = G t ( ~ , z )  = %(Y,.). (5) 

Therefore we shall study G,(z,y) only from now on. 

3. Generating function 

A plyeon with c = 1 can be obtained by placing one 1 x n rectangle and a top 
convex polygon on the top row of the main convex polygon as shown in figure 2 

The generating functions for several classes of convex polygons are summarized 
as follows. A pyramid polygon is a special case of convex polygon such that the width 
at the bottom equals the width of the bounding rectangle. The generating function 
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Figure 2 I h e  first special w e  of polygons wilh wncavity one where lhc top poiygon is 
an inverse wrner polygon and the main polygon is an inverse p m i d  piygon. 

P ( z , y )  for the number PT,$ of pyramid polygons associated with an T x s minimal 
bounding rectangle is 

= x2yZ( 1 - x2)/[( 1 - x2)2 - y2] 

where 

p, = Y 7 U ;  + u"/2 

U* = x2/( 1 * y) 
with 

generates polygons whose bottom-width is m (Lin and Chang 1988). Another special 
case of the convex pdygon is a polygon whose top right-hand corner of the bounding 
rectangle is also the corner of the polygon. We shall call them corner polygons. The 
generating function H ( x , y )  for the number Hv,s of such polygons associated with 
I" T y s pjeim.! h!Ja&nn rPrflnnlP ir 

b .-_I".. a.- - ".. 

where 

A = 1 - 2 x 2  - 2y2 + (z2 - y2j2  

H, = (A+uT f A - u ? )  -k Aw'" 

with 

- 2 ,  l n l l l  I . . \ 2  - .2; A* = y 2 ( 1  i yj;; i y -  z , , ' [(I *y, 

A = -2x2y4/A 

w = (1  + z2 - y2 - A1l2) /2  
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and H,,, generates polygons whose width at the top row is m (Lin and Chang 1988). 
The generating function R(x,  y) for the number R , ,  of convex polygons associated 
with an r x s minimal bounding rectangle is (Delest and Viennot 1984, Kim 1988, 
Guttmann and Enting 1988, Lin and Chang 1988) 

where 

R, = ( D + u T  + D-u'-')/2A2 + Ewm/A3l2  

with 

D, = yz( 1 f Y ) ~ (  1 f y - z~)~[( 1 7 y)' - x2]' 

E = -2z2y4( 1 - x2 - yz + All2  1 

and R, generates mnvex polygons whose width at the top row is m (Lin 1991~). 
The generating function C , ( z , y )  for polygons with c = 1 can be derived as 

follows. Consider first the case where the main polygon is an inverse pyramid and 
the top polygon is an inverse mrner polygon as shown in figure 2 The generating 
function for such polygons is 

m 

Gl(Z,Y) = 1 Y2xz'P~+c+d[2(2-2dHd+e) - Y2x2e]. (10) 
a.b ,c ,d ,e=l  

The factor of two k due to the fact that there are two ways to put the 1 x n 
rectangle on the top of the main polygon (left-hand or right-hand side). The special 
configuration where the top polygon degenerates into a 1 x m rectangle has been 
counted twice and therefore we substract the corresponding term in the summation. 

___._. .___.. 

I I 

Figure 3. n e  second special case 01 polygons wilh wncavity one where lhe lop polygon 
is an invent wrner polygon and lhe main polygon is a mrner polygon. 
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Figure 4 me third special m e  of polygons with wncavity one whew ihe wp polygon is 
an inverse mmer polygon (bul not pyramid polygon) and the main polygon ia an mmsc 
pyramid polygon. 

Consider the second case as shown in figure 3 where the top polygon is an inverse 
mrner polygon and the main polygon is a corner polygon. The generating function is 

The factor of two is due to the fact that each polygon as shown in figure 3 corresponds 
one-to-one with another polygon which is obtained from the original one by reflection 
along the mrtical direction. 

Consider the third case as shown in figure 4 where the main polygon is an inverse 
pyramid polygon and the top one is an inverse comer @ut  not pyramid) polygon. 
The generating function is 

Figure 5. The fourth special case of polygons with mncavity one where the lop polygon 
U an h e m e  corner polygon @ut not pyramid polygon) and the main polygon is a mmer 
polygon. 

Consider the fourth case as shown in figure 5 where the main polygon is a 
mrner polygon and the top one is an inverse mrner @ut not pyramid) polygon. The 
generating function is 

m o o  

G,(z ,Y)=2Y2C z - 2 d ( H d -  P d ) H a + b + e + d .  (13) 
o = Q b , e , d = l  
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Figure 6. The iifth special cax of polygons with mncavity one where the mop polygon is 
a Wramid polygon and the main polygon is a mmer povgon. 

Consider the fifth case as shown in figure 6 where the top plygon is a pyramid 
polygon @ut not a 1 x m rectangle) and the main polygon is a corner polygon. The 
generating function is 

m m  

G5(z ,y)  = 2Yz ~ Z z " ( ~ - ' d ~ d  - Y')Hb+,+d+,. (14) 
a , b , c . d = l  c = O  

Figure 7. The sixth special case of plygons with mncavity One where the 'op plygon 
is a pyramid polygon and the main polygon is a mnvex polygon. 

Consider the sixth and final case as shown in figure 7 where the top polygon is a 
pyramid polygon and the main one is a convex polygon. The generating function is 

We use the computer algebra program REDUCE to calculate the generating func- 
tion and the final result is 

Gt = GI + G2 + G, + G, + G5 + G6 

= 4z4y2A(z ,  y) / (  1 - z Z ) A 5 ' Z + z 4 y Z B ( ~ ,  y) / (  1-z2)[(1-z2)2-y2]A3 

- 6 6  8 6  - z y + 7z y + 8z6yd + 26z"y6 + 92zdyd + 2 9 ~ ~ ~ "  + ... (16) 
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where 

A = ( 1  - 

B = -4(1-z2) '+8y2(1-  ~ ~ ) ~ ( 3 + 2 3 ? -  y 4 ( l - 2 2 ) 4 ( 6 0 + 3 5 e 2 +  10z4-x6)  

- y2(1 - 1~)~(4 + 3z2) + 6y4(  1 - I ' )  - 2y6(2 - z2 + z4) + yd 

+ y6(1 - ~ ~ ) ~ ( 8 0  - 3r2  + 28z4 + 9x6 - 2 1 ~ )  
I vr.8f-'2n* 7 1 - 2  ~ 3 1 - 4  L 17-6 I 7 - 8 \  
I '.y \ - " Y T Y L *  LO* T U l C  T I - % ,  

+ 2 y y  12-512- 1 714-23~6+ 2) - y y  4 -5x2-24x:4+ 26) -3 y 14 I 2 . 

When I = y we have 

G = 4G, = 16z6A/(1 - 1 ~ ) ( 1 - 4 x ~ ) ~ / ~ + 4 1 ~ B / ( 1 - 1 ~ ) ( 1 - 3 ~ ~ + 1 ~ ) ( 1 - 4 1 ~ ) ~  

= N,x" = 4xI2 + 6 0 ~ ' ~  + 5 8 8 ~ ' ~  + 46361'~ + . . , + I . .  + .  . . 
" 

(17) 
where 

A = 1 - 91' + 25x4 - 23x6 + 3xd 

= -4+5(31~-3(j(jx~+ 7 7 3 ~ ~ - 9 7 3 1 ~ + 5 3 5 . ~ ~ ~ -  

Fxpanding the generating function (17) about the singularity at x 2  = $,we obtain 

G = (128)-'( 1 - 4 ~ ' ) - ~  - 3(256)-'( 1 - 4x2)-'/' + O( 1 - 4r2)-'. (18) 

It follows from the series expansions 

m 

(1 - 4 ~ ~ ) - ~ ' ~ =  C(2m+3) !z2" ' / 6 (m+ l ) !m!  
m=O 

that 
N ,  = n22"-"' [1 -4 (2 /na ) ' / ' +  O ( l / n ) ]  

which confirms the conjecture (2) of Enting el a( (1991) for c = 1 
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